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• TECHNICAL TRANSLATION. Englishlanguage translations of foreign scientific and technical material pertinent to NASA's mission. The latter property is not necessary for achieving TME, but it is highly favored in practical applications. The distributed relaxation approach relies on a principal linearization of the governing system of nonlinear equations. The principal linearization is derived from the full Newton linearization by removing some unimportant subprincipal terms. The principal terms of a linear scalar equation are the terms that make major contributions to the residual per a unit change in the solution variable. The principal terms thus generally depend on the scale, or mesh size, of interest. For example, the discretized highest derivative terms are principal on grids with small enough mesh size. For a discretized system of di erential equations, the principal terms are those that contribute to the principal terms of the determinant of the matrix operator.
Design of a distributed relaxation scheme for the Euler equations can be signi cantly simpli ed if the target discretization possesses two properties:
1 The principal linearization of the target discrete system is factorizable 4, 5, 6, 19, 20 , i.e., the discrete system determinant can be represented as a product of discrete scalar factors, each of them approximating a corresponding factor of the determinant of the di erential equations. 2 The obtained scalar factor discretizations re ect the physical anisotropies and are stable and easily solvable. The main subject of this paper is derivation of new discrete schemes for the nonconservative Euler equations possessing properties 1 and 2. Corresponding conservative discrete schemes and distributed relaxation for them have been considered in 15 .
Properties 1 and 2 are automatically obtained with staggered-grid discretizations for incompressible and slightly compressible ow. Textbook e cient m ultigrid solvers employing factorizable staggered-grid discretizations of the nonconservative formulations and distributed relaxation have already been demonstrated for high-Reynolds-number viscous incompressible 11, 2 4 and subsonic compressible 23 o w regimes.
Factorizable schemes for the conservative Euler equations on collocated grids have been derived and implemented in 17, 18, 19, 20, 21 . The multigrid solvers in these references employed Collective GaussSeidel rather than distributed relaxation. The subsonic-ow convergence rates observed in multigrid V cycles were quite fast about 0:3 per cycle, far overcoming the theoretical limit for nonfactorizable schemes, and were only slightly grid dependent. However, these rates are still not fast enough to guarantee convergence in an FMG-1 algorithm. The rates also deteriorate somewhat in transonic and supersonic computations and for grids with high aspect ratios. These facts emphasize the need to employ distributed relaxation. This paper explores new collocated-grid schemes for the compressible Euler equations that satisfy properties 1 and 2 in multiple dimensions. A typical di culty associated with this type of scheme is a poor measure of h-ellipticity stability in the discrete approximation for the full-potential factor of the system determinant. By de nition see 2, 4, 26 , a discrete scalar not necessarily elliptic operator L u possesses a good measure of h-ellipticity, if the absolute value of its symbol jLwj is well separated from zero for all high-frequency Fourier modes. The operator symbol is de ned as the operator response on a discrete Fourier mode: L e iwj = Lwe iwj , where j = j x ; j y ; j z are the grid indexes and w = ! x ; ! y ; ! z ; 0 j! x j; j! y j; j! z j are normalized Fourier frequencies. For elliptic operators, high-frequency Fourier modes are the modes satisfying maxj! x j; j! y j; j! z j =2; for nonelliptic operators, high-frequency Fourier modes are those oscillating in the characteristic directions.
Lack of h-ellipticity often implies ine cient relaxation i.e., a poor smoothing factor for some highfrequency error components and slow convergence rates in multigrid cycles. Several approaches to overcome the di culty mainly in applications to incompressible ow equations have been proposed e.g., 1, 10 . Some of the approaches are associated with introduction of additional terms increasing the measure of h-ellipticity, others with averaging spurious oscillations.
The factorizable schemes for multidimensional compressible ow equations proposed in this paper include a mechanism to improve the h-ellipticity measure by obtaining any desired discretizations for the full-potential factor. TME with an FMG solver employing the distributed relaxation method has been demonstrated for two s c hemes approximating the Euler equations for a quasi-one-dimensional subsonic ow in a convergent divergent c hannel.
The paper is organized as follows: The Euler equations for inviscid compressible ow problems are dened in Section 2. The idea of distributed relaxation is brie y explained in Section 3. Section 4 presents the derivation of the new factorizable schemes for the Euler equations. A model problem, the one-dimensional subsonic Euler equations, is presented in Section 5 together with a comparative analysis of linear discretization schemes. Description of the multigrid solver ingredients is in Section 6 followed by results of nonlinear numerical tests with a subsonic ow in a convergent divergent c hannel reported in Section 7. Section 8 contains concluding remarks. where is the ratio of speci c heats.
In an iterative quasi-Newton procedure, the correction q = q n+1 ,q n , where n is an iteration counter, An e cient solver for the convection factor, Q, can be based on downstream marching, with additional special procedures for recirculating ows 11, 1 2 , 1 6 , 2 8 . The full-potential factor, Q 2 ,c 2 4, is an operator of variable type, and its solution requires di erent procedures in subsonic, transonic, and supersonic regions. In subsonic regions, the full-potential operator is uniformly elliptic; therefore standard multigrid methods yield optimal e ciency. When the Mach n umber approaches unity, the operator becomes increasingly anisotropic and, because some smooth error components cannot be approximated adequately on coarse grids, classical multigrid methods severely degrade. In supersonic regions, the full-potential operator is uniformly hyperbolic with the stream direction serving as the time-like direction. In this region, an e cient solver can be obtained with a downstream marching method. However, downstream marching becomes problematic when the Mach n umber drops towards unity, because marching steps allowed by the stability condition are too short. Thus, a special procedure is required to provide an e cient solution for transonic regions. A possible procedure 7, 8, 1 4 is based on piecewise semicoarsening and some rules for adding dissipation at the coarse grid levels.
4. Discrete Equations. Having in mind the distributed relaxation procedure outlined in the previous Section 3, one would like to design a discretization for nonlinear operator Rq of 2.1 that has the discrete principal linearization operator, L h , satisfying properties 1 and 2 listed in Section 1. For nonconservative formulations, the discretization of the nonlinear operator directly follows L h . Derivation of conservative discretization schemes corresponding to a given discrete principal-linearization operator has been discussed in 15 .
In this section, we consider two factorizable discretizations for the matrix operator L of 2.5: the basic discretization , L h basic , and an improved discretization, L h . The basic collocated-grid discretization L h basic of the matrix operator L is de ned as L h basic = 2 6 6 6 6 6 6 4 1 The approximation is not h-elliptic, i.e., it admits spurious oscillatory solutions for the discrete homogeneous equation.
2 For near-sonic regimes Mach n umberM = j uj=c 1, the discrete operator stencil does not re ect the physical anisotropies of the di erential full-potential operator. The discrete operator exhibits very strong coupling in the streamwise direction, while the di erential operator has strong coupling only in the cross-stream directions. An improved discrete full-potential operator can be obtained if the discretization Q h is changed to Q h + A h . Then the discrete full-potential operator in 4.2 becomes F h = Q h A h + Q h Q h , c 2 4 2h :
If the operator A h is second-order small proportional to h 2 , the overall second-order discretization accuracy is not compromised. The choice of A h used here is
, where F h is a desired approximation for the full-potential factor. We do not discuss in this paper the optimal discretization for the multidimensional subsonic full-potential operator. Note only that it is possible to construct a discretization that satis es the following properties:
The operator A h is a nonlocal operator acting on p h and can be introduced through a new auxiliary variable h = A h p h and a new discrete equation Q h h = D h p h . Thus, the new vector of discrete unknowns becomes q h = u h ; v h ; w h ; h ; p h ; h T . The discrete operator L h basic is changed to L h , such that L h = 2 6 6 6 6 6 6 6 6 6 4 The system 5.3 is subject to boundary conditions u0 = C u ; p1 = C p e i :
5.7
The distribution matrix M, The main diagonal of matrix LM is composed of the convection operator u@ x and the full-potential operator F = u 2 , c 2 @ xx . The one-dimensional problem is very speci c for at least two reasons:
1 The full-potential factor vanishes at the sonic speed u = c. 2 The characteristics perfectly align with the grid. Both these features disappear in multiple dimensions.
The corresponding discrete problem is de ned on a uniform grid with mesh size h as where q h exact is a restriction of q exact x to the grid with the mesh size h.
Below, the discretization errors for four discrete factorizable schemes approximating 5.3 are compared: Scheme 1. The basic" scheme of the 4.1 type. Scheme 2. The standard upwind discrete scheme. Scheme 3. The discrete scheme of the 4.4 type with the discretization for the full-potential factor given as
where the discrete operators, @ u and @ d , are second-order accurate upwind and downwind di erence approximations to the rst derivative, respectively. 4 Scheme 4. The discrete scheme of the 4.4 type with the discretization for the full-potential factor given as where the discrete operator @ h xx is a three-point central approximation to the second derivative. All the schemes, except the standard upwind scheme 2, are factorizable in multiple dimensions. The discrete boundary conditions for all the four schemes are overspeci ed, i.e., the discrete-solution values at the boundary and, wherever necessary, outside of the target computational domain are speci ed from the known exact solution 5.5. The characteristic solutions z k are normalized to satisfy max j jz k jj = O1 as h tends to zero. The characteristic solutions z 1 and z 2 correspond to solutions of the target di erential problem; the characteristic solutions z 3 and z 4 are numerical artifacts. Note that in subsonic regimes, j 3 j = j 4 j = 1; this implies existence of global discrete solutions that do not approximate solutions of the di erential problem. These spurious solutions are a source of instability of the discrete approximation 5.20. Details are given in Appendix A. For stable approximations, characteristic solutions unrelated to the di erential solutions should be local, i.e., they should correspond to j k j 6 For low t o medium subsonic Mach n umbers, the discretization errors of the new factorizable schemes 3 and 4 are very competitive with the discretization errors of standard schemes 1 and 2 on all the grids. In this range of Mach n umbers, the discretization errors of Scheme 4 are smaller than the discretization errors of Scheme 3. The discretization accuracy of Scheme 3 di ers from the accuracy of Sch e m e 4 b ecause of the di erence in the ve-point and three-point approximations to the full-potential factor. The di erences vanish as the Mach number tends to unity because the contribution of the fullpotential factor becomes negligible.
For subsonic Mach n umbers approaching unity, the characteristic-upwinding Scheme 2 i s obviously superior, exhibiting discretization errors that are nearly two orders of magnitude smaller that the discretization errors achieved by other schemes on the same grids. Although not shown in the gures, the situation is similar for errors in velocity a t M a c h n umbers approaching zero. Scheme 2 in one dimension is very close to ideal because the entire system can be cast as three scalar convection equations. A standard dimension-by-dimension extension to multiple dimensions loses this property a s w ell as the more fundamental property of discrete factorizability. Thus, in multiple dimensions, the new factorizable schemes proposed in this paper are expected to o er comparable accuracy and considerable improvements in e ciency.
As shown in Figure 5 .1, convergence of discretization errors for Scheme 1 may b e v ery erratic. This behavior is explained by presence of the spurious global solutions. In particular, the choice of the Mach number M = M corresponds to the spurious solutions varying as e i 4 j . A pattern of discretization error increases on each fourth grid is notable in the test with M = M . Analysis performed in Appendix A con rms that the discretization error convergence rates for this scheme do not settle to any particular value. The mean convergence, however, obeys the order property. The convergence rate pattern is dictated by the characteristic frequency of the spurious solutions. The new factorizable schemes overcome this disorder and exhibit monotonic convergence rates with an asymptote determined by the approximation order of the discretizations in the interior.
Another interesting feature associated with the new factorizable schemes is the asymptotic behavior of the auxiliary discrete function h . The amplitude of this function is Oh in some Oh-small neighborhoods of the boundaries and decreases exponentially quickly to Oh 2 -size in the interior. This behavior does not compromise the second-order accuracy in the physical variables u h and p h . It is explained by i n teractions of the interior discretizations with the overspeci ed boundary conditions. The amplitude of h becomes uniformly Oh 2 -small if another set of boundary conditions that better suit the interior discretizations is applied.
6. Multigrid Method. An FMG algorithm solves the target-grid equations proceeding from the coarsest grid to ner grids. The goal of the algorithm is fast reduction of the current-grid algebraic errors below the level of discretization errors, before interpolating solutions to the next ner grid. The algebraic errors on a given grid, which are de ned as the di erences between the approximate and exact discrete solutions, are reduced through a Full Approximation Scheme FAS 3, 4, 13, 22, 26, 27 multigrid cycle, in which corrections to the ne-grid nonlinear equations are obtained from coarser grid solutions. The FMG-FAS method is described below b y means of a two-grid notation, in which the ne grid is denoted by superscript h and the coarse grid by superscript 2h.
Let the ne-grid nonlinear equations be de ned as R h q h = f h :
The initial ne-grid solution approximation q h is prolonged from the coarse-grid solutions q 2h , a s q h =P q 2h ;
6.2 whereP denotes a prolongation operator used by the FMG algorithm for solution interpolation; the hat" notation is applied to distinguish from the prolongation operator P used within FAS multigrid cycles for interpolation of coarse-grid corrections. After forming the initial ne-grid solution approximation q h , a t wolevel FAS multigrid cycle is applied as following: Several or perhaps one or even zero relaxation sweeps are applied to the ne-grid equations to obtain an improved solution approximationq h . The coarse-grid equations at level 2h to be solved for corrections toq h are de ned as The principal linearization operator and the distribution matrix used in distributed relaxation are onedimensional versions of 4.4 and 4.5. The discrete equations are solved with an FMG-1 algorithm employing one FV2, 2 cycle on each grid. The coarsest grid corresponds to h = 1 =16. The discrete boundary conditions are overspeci ed on each grid from the exact di erential solution of the fully subsonic ow problem with the in ow Mach n umber M = 0 :5. The maximum discretization errors versus mesh size shown in Figure 7 .1 demonstrate the second-order spatial convergence. In Table 7 .1, the ratios of the algebraic error in the L 2 -norm to the discretization error in this norm for the FMG-1 algorithm are quite small at each grid.
The complexity of this solver is about 30 minimal work units, where a minimal work unit is de ned as the number of operations required for one target-grid residual evaluation. The number is relatively large as is typical for one dimension; in two dimensions the complexity of this algorithm would be about 9.3 minimal work units, representing TME according to the de nition given at the beginning of the paper. The residual convergence history versus FV2,2 multigrid cycles are shown in Figure 7 .2. The equations are numbered according to 7.1. The convergence rates are grid-independent and are roughly one order of magnitude per cycle. The discretization with the three-point full-potential factor shows slightly better convergence rates, although, the rates are slightly slower than the asymptotic convergence rate expected if solving only the scalar three-point full-potential equation. Although not shown, the convergence rates somewhat deteriorate when a multigrid V cycle is used instead of the FV cycle. a 5-pt full-potential discretization b 3-pt full-potential discretization. 8. Concluding Remarks. A multigrid method is de ned as having textbook multigrid e ciency TME if solutions to the governing system of equations are attained in a computational work that is a small less than 10 multiple of the operation count in one target-grid residual evaluation. A w ay t o a c hieve TME for the Navier-Stokes equations is to apply the distributed relaxation method separating the elliptic and hyperbolic partitions of the equations. Design of a distributed relaxation scheme for the Navier-Stokes systems can be signi cantly simpli ed if the target discretization possesses two properties: 1 factorizability and 2 consistent approximations for scalar factors. The paper has introduced a new family of factorizable discrete schemes for the multidimensional Euler equations. The schemes include a mechanism that allows one to obtain any desired discretization for the full-potential factor of the system determinant without compromising the scheme factorizability. This property opens the door for applying the distributed relaxation technique leading to TME in complicated computational uid dynamics simulations.
The accuracy of the new schemes has been analyzed, compared with the accuracy of standard schemes, and found competitive. TME and fast grid-independent residual convergence rates have been demonstrated in solution of fully subsonic quasi-one-dimensional ow in a convergent divergent c hannel.
Appendix A. Erratic Convergence of Basic-Scheme Discretization Errors.
In this appendix, an analysis of discretization errors for the basic scheme 5.20 is presented. This analysis explains both the erratic convergence rates and the mean second-order convergence exhibited by the discretization errors.
Taking the exact solution 5.5 of the di erential problem as a Fourier component guarantees that the particular solution 5.24 is a second-order accurate approximation, and that the di erences between the solutions converge asymptotically monotonically. Thus, a deviation from the monotonic convergence may All the values b k converge to zero with second-order rates, and this provides a mean second-order convergence for discretization errors. The determinant o f T is a linear combination of some integer powers between ,N and N o f 3 . Recall, that 4 = ,1 3 . The sequence N 3 = e iN does not converge to any value as N tends to in nity | rather it orbits the unit circle with the frequency determined by ; , in turn, is controlled by the Mach n umber. Therefore, the determinant o f T is also oscillatory. Theoretically, one could construct a set of boundary conditions and choose the Mach n umber so that T degenerates on a particular grid. The discrete problem on this grid would become ill posed. Further grid re nement w ould unavoidably result in repeating or closely approaching ill-posedness on an in nite number of grids. For overspeci ed boundary conditions, we did not nd a Mach n umber and a grid to enforce the degeneration of the matrix T. However, signi cant v ariations of the absolute value of the determinant h a ve been observed. smaller determinant v alues correspond to larger discretization errors. A mean second-order convergence rate is observed.
